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1. Review

Neural Networks



1. Review

Warning: The notation used in the following diagrams is not the same as in
lecture 4. For example, the roles of z and a have been interchanged. z now

represents the pre-activation and a is the activation. Also, we are multiplying our
weights from the left instead of the right.
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2.1. RNNs: Motivation

Motivating RNNs

So far in the course we have (implicitly) made two assumptions about our data:

1. Each input has the same number of features
I Eg. In CNNs, we assumed all input images have the same dimensions (eg.

64× 64). It’s impossible to provide images of any other size.
2. The order of the features in our input are not meaningful (except in CNNs)

I Eg. If we predict house price based on income and square footage, it doesn’t
matter whether we choose x1 to be income or square footage (our initial ordering
of columns in our dataset is irrelevant)
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2.1. RNNs: Motivation

Motivating RNNs

Sometimes, these are bad assumptions to make. In particular, they are bad when
we’re dealing with sequential data.



2.1. RNNs: Motivation

Motivating RNNs
Example: Weather data

Suppose we want a model that can predict the temperature on day t + 1 given the
temperatures on days 1, 2, . . . , t.



2.1. RNNs: Motivation

Motivating RNNs

Issue 1: Sequence length
For this model to be useful, it should work for sequences of temperatures of any
length. It would be pretty annoying if I told you “I have a model that can predict
the weather tommorow but only if you have exactly 37 days worth of data”…



2.1. RNNs: Motivation

Motivating RNNs

Issue 2: Order should be meaningful

Our inputs are of the form
~x(i) = [x(i)

1 , x(i)
2 , . . . , x(i)

T ], where x(i)
t is the

temperature on day t.

Intuitively, the

specific order of our inputs should matter
in our prediction. If temperatures have
been increasing lately, we might expect
them to keep increasing (and vice versa).
Our model needs to “understand” that

the temperature x(i)
t comes before x(i)

t+1.
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2.1. RNNs: Motivation

Motivating RNNs

Thus, we have seen so far that our model should:
1. Work on sequences of any length
2. Take into account the order of the input features



2.1. RNNs: Motivation

Motivating RNNs

Note that sequence data are everywhere:
• Time data (eg. weather and stocks)
• Sentences (sequence of words)
• Videos (sequence of frames)
• DNA (sequence of nucleotides)
• etc...



2.1. RNNs: Motivation

Motivating RNNs

There are also a huge number of tasks we might perform using sequences:
• Predict the price of a stock tommorow (seq2vec)
• Analyze the sentiment in a sentence (seq2vec)
• Caption an image (vec2seq)
• Translate a sentence from english to french (seq2seq)

(“seq” is short for sequence, “vec” is short for vector, and “x2y” means a task that
requires mapping data type x to y)

Takeaway: Our models might need to learn very difficult tasks.
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2.1. RNNs: Motivation

Motivating RNNs

Thus, we have seen so far that our model should:
1. Work on sequences of any length
2. Take into account the order of the input features
3. Be able to learn complicated functions



2.2. RNNs: Network Structure

Feed Forward Neural Networks: General Structure
First, let’s simplify our diagram for feed-forward neural networks a bit to reduce
clutter:
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Feed Forward Neural Networks: General Structure

For simplicity, we will assume that there
is a single hidden layer.

• Wxh are the weights that go from
the input to first hidden layer (we
previously called this W {1})

• Why are the weights that go from
the last hidden layer to the output
(we previously called this W {O})

• ~ht are the activations in the hidden
layer after feeding ~xt as



2.2. RNNs: Network Structure

RNNs: General Structure
So far, all the networks we have seen are acyclic, meaning none of the connections
go backwards. In recurrent neural networks, we add a new connection that allows
us to combine new inputs with the previous hidden state:
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RNNs: General Structure
Note that the hidden layer now takes as
input Wxh~xt and Whh~ht−1:

~ht = φh(Wxh~xt + Whh~ht−1 +~bh)

The output layer is still the same as in
feedforward networks:

ŷt = φy(Why~ht +~by)

For input ~xt we can think of our network
as having two outputs: ~ht and ~yt , where
~ht is fed back and combined with input
~xt+1.
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2.2. RNNs: Network Structure

RNNs: General Structure

It is useful to think of the value of ~ht as
the hidden state of the RNN which is
updated each time we receive a new
input, ~xt+1.
In particular, we can think of this hidden
state as a quantity that summarizes of
the data we have seen so far.

That is, the state at time t + 1 is a
function of input ~xt+1 and the previous
state, ht .
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2.2. RNNs: Network Structure

RNNs: General Structure
Note: For the hidden layer, it’s common to use the φh(x) = tanh(x) as the

activation function in RNNs: tanh(x) = ex−e−x
ex+e−x

http://ronny.rest/blog/post_2017_08_16_tanh/

http://ronny.rest/blog/post_2017_08_16_tanh/
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RNNs: General Structure
The recurrent structure can become a bit confusing to deal with. Instead, for a
sequence of length T we can imagine making T copies of our neural network where
copy t feeds the output of its hidden to copy t + 1:

Important: The weights are the same across all the copies.
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RNNs: General Structure

~ht = φh(Wxh~xt + Whh~ht−1 +~bh)

ŷt = φy(Why~ht +~by)

~h0 is some initial value (eg. ~0)
In this format we can see how the
prediction for input t depends on all
previous predictions.
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One final interpretation
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2.3. RNNs: seq2vec

RNNs: seq2vec

Let’s start with a simple seq2vec example.
Task: Sentiment analysis

• Inputs: Reviews of movies
• Outputs: Probability it’s a positive review

For simplicity, we will assume the reviews must be consist only of words from the
following vocabulary: “it”, “was”, “good”, “bad”, “not”

eg. “it was good”
eg. “it was not bad”



2.3. RNNs: seq2vec

RNNs: seq2vec

Let’s start with a simple seq2vec example.
Task: Sentiment analysis

• Inputs: Reviews of movies
• Outputs: Probability it’s a positive review

For simplicity, we will assume the reviews must be consist only of words from the
following vocabulary: “it”, “was”, “good”, “bad”, “not”

eg. “it was good”
eg. “it was not bad”
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RNNs: seq2vec

Our dataset looks something like the following:

# Review (~x) Sentiment (y)
1 “it was good” Positive (1)
...

...
...

15 “it was not good” Negative (0)
...

...
...
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RNNs: seq2vec

We can treat each word as its own feature:

# x1 x2 x3 x4 Sentiment (y)
1 “it “was” “good” “” Positive (1)
...

...
...

...
...

...
15 “it “was” “not” “good” Negative (0)
...

...
...

...
...

...



2.3. RNNs: seq2vec

RNNs: seq2vec

We have one last problem: our inputs are text but our models work with
numbers/vectors. We’ll convert each word to its one-hot encoding.

We have 5 words in our vocabulary so these will be 5 dimensional vectors:

it →


1
0
0
0
0

 , was →


0
1
0
0
0

 , good →


0
0
1
0
0

 bad →


0
0
0
1
0

 not →


0
0
0
0
1


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2.3. RNNs: seq2vec

We are predicting probabilities, so we will apply sigmoid to our output (since it
maps values to [0, 1]). Thus, we will have

~ht = φh(Wxh~xt + Whh~ht−1 +~bh) = tanh(Wxh~xt + Whh~ht−1 +~bh)

~yt = φy(Why~ht +~by) = σ(Why~ht +~by)

Since we are doing binary classification, our loss function will be the binary cross
entropy loss function.
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RNNs: seq2vec
Each input is a 5 dimensional vector and our output is a 1D probability vector.
With three hidden units our network looks like:
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~ht = tanh(Wxh~xt + Whh~ht−1 +~bh)

~yt = σ(Why~ht +~by)

~h0 is some initial value (eg. ~0)
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2.3. RNNs: seq2vec

In practice, we can concatenate ~ht−1 and
~xt into a big vector, and stack Whh and
Wxh into a big matrix:[

~ht−1

~xt

]
and

[
Whh Wxh

]
.

This allows us to compute the hidden
state update as:

~ht = tanh
([

Whh Wxh
] [~ht−1

~xt

]
+~bh

)
.



2.3. RNNs: seq2vec

In this case we only care about the final output. If we unfold the network it looks
like:
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2.3. RNNs: seq2vec

Our model predicts that there is a 20% probability that this is a positive review:



2.3. RNNs: seq2vec

Note that we could’ve used a similar network for any task where we wanted to
predict a vector using a sequence.

• Predict if sentence is in english, french, or spanish: predict a 3D probability
vector by applying softmax to output and use cross entropy loss



2.4. RNNs: seq2seq

Now let’s look at a seq2seq example. This time, we will train our model to predict
the next letter in a word.

Task: Given the first l letters from a word, predict the l + 1-th letter
• Input: Letter
• Output: Probabilities of the next letters
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Now let’s look at a seq2seq example. This time, we will train our model to predict
the next letter in a word.

Task: Given the first l letters from a word, predict the l + 1-th letter
• Input: Letter
• Output: Probabilities of the next letters



2.4. RNNs: seq2seq

Our dataset is simply a bunch of english words:

# Word (~x)
1 math
...

...
15 banana
...

...



2.4. RNNs: seq2seq

This time we will split each word into its individual letters:

# x1 x2 x3 x4 x5 x6
1 m a t h
...

...
...

...
...

...
...

15 b a n a n a
...

...
...

...
...

...
...

But what are the y values...?
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2.4. RNNs: seq2seq

Our task is to predict the next letter. For example ~x = “math”.

~x = [m, a, t,h]

~y = [a, t,h,<END>]

For feature xt , the correct prediction is yt :
• For m the correct next letter is a
• For a the correct next letter is t
• For t the correct next letter is h
• For h the correct next letter is <END>, which signifies the string is

terminated
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Our y values are thus the correct next letter:

# x1 x2 x3 x4 x5 x6 y1 y2 y3 y4 y5 y6
1 m a t h a t h <END>
...

...
...

...
...

...
...

...
...

...
...

...
...

15 b a n a n a a n a n a <END>
...

...
...

...
...

...
...

...
...

...
...

...
...



2.4. RNNs: seq2seq

Again, we will use the one-hot encoding. This time, we have 27 dimensional
vectors (one entry per letter of the alphabet + <END> token):

a →


1
0
...
0
0

 , . . . , z →


0
0
...
1
0

 , <END> →


0
0
...
0
1





2.4. RNNs: seq2seq

Unlike in sentiment analysis where we only cared about the last output, this time
we care about all the outputs:



2.4. RNNs: seq2seq

Again, we will assume we have 3 hidden units. Our input is a 27D one-hot vector
and our output is a 27D probability vector representing the probability of each
letter:



2.4. RNNs: seq2seq

Training the network
To train this model we use cross entropy loss, where for each letter we compare the
probabilities to the correct answer. At the start of training, the predictions will
likely be nonsense…
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Training the network

As the model improves, it will come up with more sensible answers:



2.4. RNNs: seq2seq

Inference

Once the model is trained, we can use it for inference. In this case our model can
generate new words!
Steps

1. Feed the network a starting letter as a one-hot encoding.
I Eg. If I want it to generate a word starting with the letter “m” I can provide

x1 = one-hot encoding of “m”

2. The model will spit out a prediction of the probabilities of the next letter, ~y1.
Choose the letter with with the highest probability, set that to be x2 and feed
it back into the network.

3. Repeat the above until the most probable letter is <END>
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2.4. RNNs: seq2seq

Inference

In this case, our model generates the word “man”:



2.4. RNNs: seq2seq

Some notes:
• This is quite similar to what ChatGPT does! First, it’s pretrained on a bunch

of data, then when you send it a prompt, it tries to complete the rest of the
prompt using the strategy we saw for inference (ie. it predicts the next word
one at a time).

• The model we used is quite simple since it only generates single words. What
if we wanted to translate words? In that case our output isn’t neccesarily the
same size as our input... How do we train this? (We will come back to this...)
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2.5. RNNs: vec2seq

vec2seq
Due to time constraints, we will gloss over vec2seq relatively quickly. In general,
they are given a single vector ~x as input which is provided to all cells of the RNN.
The only other key difference is that we feed the prediction ~yt as input at time
t + 1:



2.5. RNNs: vec2seq

vec2seq

Example: Image captioning
• Input: An embedding of an image ~x
• Output: A sentence describing the image (each individual ~yt is the probability

of each possible next word in the sentence)
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2.5. RNNs: vec2seq

variations on RNNs: encoder/decoder models

We can also combine these different strategies to create even more complex
networks.

Our seq2seq model from earlier had a problem: the length of the x and y values in
our dataset had to be the same

Idea: If we feed the output of a seq2vec model into a vec2seq model, we get a
seq2seq model which can produce sequences of arbitrary length!
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variations on RNNs: encoder/decoder models

We can also combine these different strategies to create even more complex
networks.
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our dataset had to be the same

Idea: If we feed the output of a seq2vec model into a vec2seq model, we get a
seq2seq model which can produce sequences of arbitrary length!



2.6. RNNs: Variations

variations on RNNs: encoder/decoder models
A seq2vec + vec2seq model is typically called an encoder/decoder model:



2.6. RNNs: Variations

Example
1. The seq2vec model encodes an

english sentence into a single vector
~yTe which summarizes its content

2. The vec2seq model decodes ~yTe into
a french sentence



2.6. RNNs: Variations

variations on RNNs: bidirectional RNNs

Another interesting variation is a bidirectional RNN.

Idea: So far, our RNNs only predict values in the future based on values from the
past. We could likely get better predictions if we could look at both the past and
the future. Let’s feed ~xt forwards and backwards to our model and combine the
results!
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2.6. RNNs: Variations

Let ~ht be the hidden state at time t for the backward part of the network. Also, let
f and b denote the forward part and backward part of the network respectively.
Then,

~ht = φh(W
(f )
xh ~xt + W (f )

hh
~ht−1 +~b(f )h )

~ht = φh(W
(b)
xh ~xt + W (b)

hh
~ht+1 + ~b

(b)
h )

ht = [~ht , ~ht ]

Our prediction at time t is then:

~yt = φy(Whyht +~by)
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2.6. RNNs: Variations

With this idea of concatenation in mind, we can instead draw the network in the
following way which emphasizes which pairs are concatenated together:



2.6. RNNs: Variations

summary

In general, RNNs fall into one of the following types, depending on the task:



2.7. RNNs: Problems with RNNs

The problem with RNNs

The key motivation behind RNNs is that they can use previous inputs to make
predictions about new inputs (they “remember” previous inputs by summarizing
their information in the hidden state ~ht).



2.7. RNNs: Problems with RNNs

We saw earlier that RNNs can be used to predict the next letter / word in a
sentence. In general, they can be quite good with short sentences.

Ex: “The clouds are in the sky”
Here, it’s obvious that the next word must be “sky”.

However, they begin to struggle as sentences get longer.

Ex: “I grew up in France... I speak fluent French.”
In this case, it’s obvious that the next word after “fluent” is the name of a
language, but to know the correct language we need to remember that the person
is from France.

In short, RNNs struggle with long term dependencies.

https://colah.github.io/posts/2015-08-Understanding-LSTMs/
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2.7. RNNs: Problems with RNNs

To see why RNNs struggle with long term dependencies, let’s take a look at a
simplified RNN:

https://web.stanford.edu/class/archive/cs/cs224n/cs224n.1194/slides/cs224n-2019-lecture07-fancy-rnn.pdf
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2.7. RNNs: Problems with RNNs

If we multiply a bunch of numbers close to zero together, we get a really small
number (vanishing gradient problem):

The further you get from the output, the worse it gets (ie. h1 is more affected than
h2, h2 more affected than h3, etc...)

https://web.stanford.edu/class/archive/cs/cs224n/cs224n.1194/slides/cs224n-2019-lecture07-fancy-rnn.pdf
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2.7. RNNs: Problems with RNNs

∂yt
∂h1

=
∂h2
∂h1

× ∂h3
∂h2

× · · · × ∂ht
∂ht−1

× ∂yt
∂ht

∂yt
∂hk

tells you how much a change to hidden state k will affect output t. If this is
small, then long term dependencies have no effect on the output.

If the model predicted “I grew up in France... I speak fluent Mandarin” and got
the answer wrong, then it wouldn’t be able to correctly update the weights to
account for the long-term dependency on the word “France”.
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3. LSTMs

Solving the long-term dependency issue

Long Short-Term Memory (LSTM) networks were created to solve the long-term
dependency issue in RNNs. These networks do not suffer from the
vanishing/exploding gradient problem and have some pretty cool concepts.



3. LSTMs

Learning representations
To make the following explanation of LSTMs easier to follow, we will assume that
the vectors store information in some interpretable way.

Key Idea: We can have vectors where each dimension represents certain
information.

https://corpling.hypotheses.org/495

https://corpling.hypotheses.org/495
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3. LSTMs

In our example, we will use an LSTM to predict the next word in a sentence. We
will assume that cell states (explained soon) encode information about things like
the gender of the subject, whether the subject is singular or plural, etc...



3. LSTMs

The following is a simple RNN (note that in these diagrams the output is ~ht , not
~yt . this is equivalent since in practice our output is just some linear layer +
activation applied to ~ht):



3. LSTMs

Let’s understand the notation and how it fits in with with what we’ve seen so far:

~ht = tanh
([

Whh Wxh
] [~ht−1

~xt

]
+~bh

)
~yt = φy(Why~ht +~by)



3. LSTMs

Let’s compare this to an LSTM:



3. LSTMs



3. LSTMs

The key mechanism that sets LSTMs apart is their ability to decide which
information to remember.
This is achieved using a “forget gate”, which consists of a sigmoid function and
pointwise multiplication:



3. LSTMs

Recall that sigmoid maps values to the range [0, 1].

σ(~a)⊗~b

(⊗ denotes pointwise multiplication)

We can think of σ(~a) as telling us “what percent of each element of ~b should I
remember?”



3. LSTMs

Example
Let σ(~a) = [0, 0.9] and ~b = [subject gender, subject plural] = [13.2, 10]

σ(~a) tells us “remember 0% of the information about the gender” and “remember
90% of the information about being plural”.

σ(~a)⊗~b = [0× 13.2, 0.9× 10] = [0, 9]

Whenever you see sigmoid being multiplied with a value in this network, think of
it this way!
This will allow our network to “choose” which information is worth remembering
at each step.
From our previous example, the network could choose to remember that the
subject grew up in France in the long term...
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3. LSTMs

Note: In the following sections I will omit the arrow above vectors to make the
notation less cluttered. Assume that any variable (other than the weight matrices
denoted by W ) are vectors.



3. LSTMs

Each cell of an LSTM has the following inputs:
• Ct−1: the long term memory up to time step t − 1

• ht−1: the hidden state from time step t − 1

• xt : the input at time t
and the following outputs:

• Ct : the long term memory up to time step t
• ht : the hidden state from time step t

The key idea in LSTMs is that in each cell we will update the hidden state and
long term memory by:

• Forgetting information (using “forget gate”)
• Adding new information (using vector addition)

In this way, the network “chooses” which information is relevant at each step.
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3. LSTMs

Let’s look at what an LSTM does step by step...



3. LSTMs

First, it combines ht−1 and xt into a “forget gate”. The output of this gate will be
applied to Ct−1 (ie. we will use it to forget information from Ct−1):

Example
The current long term memory (Ct−1) might include the gender of the present

subject, so that the correct pronouns can be used. When we see a new subject, we
want to forget the gender of the old subject.

https://colah.github.io/posts/2015-08-Understanding-LSTMs/
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3. LSTMs

Next, we compute a new “candidate” long term memory C̃t . We also pass ht−1 and
xt into another “forget gate”; we call the result it . We will combine these two
results to decide which of the “candidate” long term memory should be included in
the actual long term memory.

Example
We might want to add the gender of the new subject to the long term memory, to

replace the old one we’re forgetting.

https://colah.github.io/posts/2015-08-Understanding-LSTMs/
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3. LSTMs

Now we update the long term memory by forgetting information and adding new
information:

Ct = ft ⊗ Ct−1 + it ⊗ C̃

https://colah.github.io/posts/2015-08-Understanding-LSTMs/
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3. LSTMs

Finally, we use one last “forget gate” to compute ot and compute the new hidden
state by “forgetting” some information from our newly computed long term
memory ht :

ot = σ(Wo[ht−1, xt ] + bo)

ht = ot ⊗ tanh(Ct)

Example
For example, it might output whether the subject is singular or plural, so that we
know what form a verb should be conjugated into if that’s what follows next.
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3. LSTMs

Some notes:
• One can show that the LSTM helps a lot (but doesn’t entirely prevent) the

vanishing gradient problem. Thus, LSTMs are basically always used instead of
RNNs in practice.

• This is a basic (“vanilla”) LSTM. There are many variants that exist. I highly
recommend reading this blog post by Christopher Olah, (one of the founders
of Anthropic, which is the company that makes Claude), which explains
LSTMs and their variants in more detail. (I basically stole this entire section
from his blog).

https://colah.github.io/posts/2015-08-Understanding-LSTMs/


3. LSTMs

Some notes:
• One can show that the LSTM helps a lot (but doesn’t entirely prevent) the

vanishing gradient problem. Thus, LSTMs are basically always used instead of
RNNs in practice.

• This is a basic (“vanilla”) LSTM. There are many variants that exist. I highly
recommend reading this blog post by Christopher Olah, (one of the founders
of Anthropic, which is the company that makes Claude), which explains
LSTMs and their variants in more detail. (I basically stole this entire section
from his blog).

https://colah.github.io/posts/2015-08-Understanding-LSTMs/


4. additive attention

attention

Recall the encoder/decoder idea from earlier: to translate a sentence, we can use a
seq2vec model to encode a sentence into a single vector (called a “context vector”),
then we feed that single vector into a vec2seq model which spits out a the sentence
in a new language:

Problem: These context vectors are often bad at summarizing long sentences. In
particular, they tend to “forget” about content at the beginning of the sentence.

https://lilianweng.github.io/posts/2018-06-24-attention/#whats-wrong-with-seq2seq-model
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4. additive attention

Idea: Our network should somehow look at how related the predicted words
(french) are to each input word (english)

l’ accord sur la zone économique européenne a été signé en août 1992 .

the agreement on the European Economic Area was signed in August 1992 .

https://arxiv.org/pdf/1409.0473.pdf
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How can we build this in to our network?

We will use the infamous “attention” mechanism.

The idea is that our prediction for the next french word will depend on a weighted
sum of all the words in the english sentence. English words that are more relevant
will be assigned higher weight than those that are irrelevant.
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Additive Attention: General Outline

Model: Encoder-Decoder with Bidirectional RNN Encoder

1. Encode each English word into its own vector using the hidden states of a
bidirectional RNN.

2. Before predicting a French word, compute the relevance of each English word
using the encodings from step 1.

3. Compute a context vector which is a weighted sum of English word encodings,
where weights depend on results of step 2.

4. Feed context vector into a vec2seq model to predict new French word. This
context vector will be used only for predicting the current French word. To
predict the next word, we will compute a new context vector.
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Putting it all together

• edt = score(~sd−1,ht)

• ~ed = [ed1, ed2, . . . , edT ]

• ~αd = softmax(~ed) = [αd1, . . . , αdT ]

• ~cd =
∑T

t=1 αdtht



4. additive attention

• edt = score(~sd−1,ht)

I Score that tells us “given that we already know ~sd−1, how important is ht in
predicting ~sd”

• ~ed = [ed1, ed2, . . . , edT ]

I Compute score between ~sd−1 and all encoder hidden states
• ~αd = softmax(~ed) = [αd1, . . . , αdT ]

I Turns vector of scores into weights, where higher scores get higher weights.
• ~cd =

∑T
t=1 αdtht

I Compute unique context vector for prediction d, where hidden states ht with
higher scores get higher weight (influence) on the result.
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In the paper, they compute scores as

edt = score(~sd−1,ht) = ~vT
a tanh(Wa[~sd−1;ht ])

where ~va and Wa are learned weights.

This is known as additive attention, but many kinds exist.
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What was the point of all this?
• Before, we used our encoder network to predict a single context vector

summarizing the entire sentence which we fed as input to the network.
• Now, to predict token d, we use our encoder network to compute a unique

context vector ~cd

• The value of this context vector is a weighted sum of the outputs of the
encoder h1, . . . ,hT , where the weight of each ht depends on how related it is
to ~sd−1

• In a sense this tells the decoder which parts of the input to pay attention to
when making a prediction
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